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Abstrad-A thermodynamic continuum theory for contact behaviour under mild forming con­
ditions is presented. The modelling of the contacts, balance laws, dependent and independent
variables as well as entropy inequality are considered. It is shown that Maxwell friction models can
be derived from the thermodynamic framework.

I. INTRODUCTION

The Coulomb and Von Mises friction models have for many decades been applied to
describe the mechanical interaction between die and workpiece in forming processes. As
these models only cover experimental results to a certain degree, extended friction models
analogous to material models of the Maxwell type have been proposed for instance by
Fredriksson (1976), Petersson (1977), Michalowski and Mraz (1978), Cheng and Kikuchi
(1985) and Baaijens et al. (1986). In the present paper a thermodynamic continuum theory
for contact behaviour is set up and Maxwell friction models, as well as thermodynamic
restrictions for their validity, are derived from this framework. The first impulses to thermo­
dynamic theories for contact behaviour were given by Bikerman (1970) and Klamecki
(1980). A very comprehensive theory has been formulated by Zmitrowicz (1987). In the
present instance we restrict ourselves to a theory for contact processes under mild forming
conditions, defined by the following set of restrictions:

-quasi-static processes. Negligible inertial effects, absence of big temperature changes due
to extemal sources;

-no wear or fretting. Wear particles or conditions of grave material transference between
the contact partners are avoided, resulting in only two body-contact situations;

-moderate forming contact pressures. Only one of the contact partners shows large,
irreversible deformations;

-non-aggressive physical and chemical conditions in immediate environment;
-initial homogeneity at the contact surface. The conditions of lubrication and roughness

are the same at all contact points before loading is applied. Hydrodynamic lubrication
is not considered.

In the following sections the modelling of contact regions within continuum theory is
first discussed and balance laws are formulated. The complexity of these laws is reduced by
the introduction of some simplifying assumptions and specific application to the class of
contact processes under mild forming conditions. Distinction between independent and
dependent variables and application ofsome constitutive principles yield a set ofconstitutive
contact equations. In order to derive the Maxwell friction laws, intemal variables and
evolution laws for these variables are introduced so that thermodynamic requirements are
met. Experiments are needed for investigation of their applicability in engineering practice,
an aspect not further considered here.

t Currently at the Faculty of Medicine, University of Utrecht, The Netherlands.
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2. DESCRIPTION OF CONTACT REGIONS IN CONTINUUM THEORY

In literature, the description of real contact phenomena by means of two smooth
body surfaces, possibly via an intermediate surface or layer, is generally introduced more
or less intuitively (Oden and Martins, 1985: Ruina, 1985). In this section, the concept of
averaging volumes is used to support this intuitive process mathematically. Better under­
standing is thus obtained as to the validity of the particular modelling of contact regions.

Two contacting bodies are considered, mechanically and thermally loaded. see Fig. I.
Phenomena occur within and between the bodies. It is assumed that the insides of the bodies
may be modelled as continua. In the transition region between the bodies. capricious
contacts result from the roughness of both. In this region, chemically and physically different
components are present, such as oxide layers, lubricant and wear particles (Rabinowicz,
1965). The resulting macroscopic behaviour caused by the interaction on a microscopic
scale, can be ascribed to a fictitious smooth contact layer between the two bodies. Phenom­
ena such as slip, contact stiffness and frictional heat can be described by such a layer (Oden
and Martins, 1985; Zmitrowicz, 1987). It is noted that the roughness of the bodies is
smoothed, and the influence of this is represented in the layer behaviour. A similar statement
can be made as to the lubrication effects.

Although the microscopic behaviour need not be studied, definition of the contact
layer and the ascription of continuum quantities to it starts at this point. A smooth non­
unique midplane S, situated in the transition region between the bodies, is momentarily
assumed and elementary averaging volumes Ve introduced (Whitaker, 1969; H uyghe, 1986).
The smoothness is defined with respect to local, i.e. microscopic, fluctuations. This will be
quantified below. The points on the midplane S are uniquely identified by two locational
parameters" I and" 2 which compound a column". For every point of S, denoted by ", a
small cylindrical averaging volume Ve with diamet~r De and thickness te is defined, see Fig.
2. This volume is oriented so that the centre of Ve coincides with point ~ of S. and the axis
of Ve is perpendicular to S at that point. The contact layer is defined as the region between
the envelopes S + and S- of the averaging volumes for all points". The curvature of S inside
Ve is neglected, which requires De to be much shorter than-a characteristic radius of
curvature of S. The thickness of the contact layer thus equals te by approximation.

A quantity q> which is defined for each material component in the transition region as
a function of the position (and time) is considered. The surface average (q» is introduced
by

Fig. I. Two contacting bodies B+ and B-

Fig. 2. Elementary averaging volume with a part of the contact region.
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Fig. 3. The averages as functions of the diameter and thickness of the averaging volume.

(rp) =~ r rpdV,
Ac Jvc

(I)

and is defined at each point". At some time t, (rp) can be considered as a function of'1.
Dc and teo To quantify the requirements for De and te, the characteristic behaviour of (rp->
for some ~ and t, as a function of De and te , is visualized in Fig. 3. Strong fluctuations occur
below some D:in and t:in

• These fluctuations result from the roughness of both bodies and
the distribution of components with strongly differing values of rp through the transition
region. In that lower range, the averages are useless as continuum quantities. Above some
D:ax and t:a

., the averages are smooth, but diverge from the values which would occur
under homogeneous thermomechanical loading conditions. This results from variation of
rp of one or more components influenced by global conditions. To ensure that this global
behaviour is not filtered out, the upper range for the averaging volume dimensions should
also be avoided. The averages based on volumes Ve with dimensions in the range between
D:in

, t:,in and D:a
., t:a< can be used as local continuum quantities. A continuum approach

is not possible if such a range cannot be indicated. However, for contact problems in
mechanical engineering such a range can generally be given. Suitable choices follow from

d « Dc, te « L (2)

where d is a characteristic distance for fluctuations in the local contact areas and L a
characteristic distance for global variations.

A number of kinematic relations is treated before balance laws are derived for the
contact layer in the next section. In Fig. 4 a cross-section of a part of the contact layer is
sketched. The points momentarily coinciding with the boundary surfaces S+ and S- are
identified uniquely by surface coordinates f + and f -. A point P of S, with coordinates ~'

is associated with the points P+ and P- ofS+ and S-, respectively. These points are located
on a line perpendicular to S at P. The coordinates ~+ and ~- are thus immediately related
to ~. The position in space of point ~ of S at time t is indicated by the vector Xs = xs(~, t)

Fig. 4. The contact layer with definitions of quantities.
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or equivalently by x, = X,( ~ 4-, t) or Xs = x,(' -. t). Subsequently, only choices for the coor­
dinates '1, ~ 4- and ~ - are c'Onsidered, so thit x, is continuous in '1 and t, as well as in ~ +

and t or-in1- and t. The natural and reciprocal surface base vect;rs £, and Is follow fro~

(3)

where x denotes the outer (or cross) product, the dot· the inner (or dot) product, the
superscript T the transpose and II a II the magnitude of a. I is the unit matrix of rank 2 and
Qthe zero column of length 2. Since S is a smooth surface, the unit normal vector Os to S
is a continuous and differentiable function of 1]. The surface gradient operator Vs is defined
~ -

T C
Vs = L -;;-.

cfJ.

The surface velocity Us is defined as the velocity of point fJ. through space

Us = x:'

where the dot _ denotes the time-derivative operator (clot)I~.

(4)

(5)

3. GENERAL BALANCE LAW AND SPECIFIC FORMULATIONS

In this section the balance laws for mass, momentum, moment of momentum, energy
and entropy are considered for the class of contacts defined in Section I. These laws are
special cases of the general balance law for some (mass-associated) quantity cp which, for
notational convenience, is assumed to be a scalar quantity. In order to derive this general
formulation for cp, the quantity Q, defined for the averaging volume Ve pertaining to some
point fJ., is considered and is given by

(6)

where p is the mass density. The quantity Q may be identified physically, for instance the
total mass of the material within Ve , based on the choice cp = I. In that case the resulting
balance law will express conservation of mass. Simplifications, valid for the restricted class
ofcontacts, are indicated below. Essential assumptions, made to further simplify the balance
laws, are discussed in the next section.

The time derivative Q- of Q is composed of contributions, brought about by material
flow (convection), immaterial flow (flux) and sources, which will be reviewed in due course.

(1) Materialflow through the border aVe of Ve

The local material velocity is indicated by v. The decrease in Q per unit of time, due
to convection, is thus

(7)

where °denotes the unit outward normal vector. A uniform velocity Us is assumed for the
whole boundary aVe • Formally this is incorrect if the orientation of Ve in space changes in
time. These rotational effects may be neglected in view of the conditions in (2).
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(2) Flux through the boundary aV.
The local flux is indicated by t/I. The decrease in Q resulting from fluxes is

1291

(8)

(3) Sources within V.
Here only the case of a distributed mass-associated lp-production cIJ is considered. The

increase in Q is

( pcIJ dV.Jv. (9)

Combination and elaboration of these three contributions, as given in Appendix A, result
in the following general balance law for contact surfaces

(Plp)- + (V,· u,)(Plp) +V,· [(/-n.o.)· «(vPlp) -u.(Plp»+ ("'))]- (pcIJ)

= - 0+ . (1/1+ + (v+ - u,)p+ lp+) - 0- . ("'- + (v- -u,)p-lp - ). (10)

The combination 0,0, is the dyadic product of n, with itself and I is the second-order unit
tensor. The superscripts + and - indicate bulk continuum quantities at the + and - sides
of the contact layer. Equation (10) is only valid if conditions (2) for the dimensions of the
averaging volume are satisfied.

Some of the terms in (10) may be neglected or reformulated for the restricted class of
contacts. Firstly, all sources can be neglected. The mechanical sources are negligibly small
and the thermal ones are not present. Secondly, the contribution of the divergence of the
in-plane fluxes is omitted. This is legitimate when the in-plane fluxes are small. For heat
fluxes this will be true, as the conductance of contact layers is low in general, due to the
presence of poor conducting components, such as lubricant and oxide layers. The in-plane
surface stresses are generally not low. It is however expected that, because of the moderate
forming-contact pressures, their gradient and divergence are of minor importance. In
Sections 6 and 7 it will be seen that neglecting the influence of the surface stresses leads to
constitutive relations which are unable to describe a sometimes physically observed effect.
A third and final restriction is the exclusion of severe wear. This induces only slight mass
flow from the bulk surroundings into the contact layer. The corresponding convection terms
vanish from (10) by the adoption of S+ and S- as material bulk surfaces, with material
coordinates ~+ and ~-, and surface averages based on a changing thickness t., locally
defined as the distance between the two material bulk surfaces. It is easily shown that (10)
then becomes

while the surface averages should be interpreted as averaged quantities ofvariable thickness.
The change of the unit normal vectors 0+ and 0- is a second-order effect and therefore
these vectors can be taken perpendicular to S.

Special choices for lp (and associated fluxes t/I+ and 1/1-) in (11) lead to the specific
balance laws for the mass, momentum, moment of momentum, energy and entropy of V•.

Mass. On substitution of lp = 1, the quantity Q represents mass

(12)

Momentum. lp is replaced by the material velocity v, and the flux by the opposite of the
conjugate XC ofthe Cauchy stress tensor E. Only non-polar media are considered so XC = E.

$AS ZI:I1.f



1292 F. J. M. STARMASS I![ (/1.

Neglecting the momentum. there being interest only in quasi-static processes. the static
equilibrium equation results in

( 13)

This equation represents the law of action and reaction between the two bodies.

Moment ofmomentum. For non-polar media the static moment equilibrium equation yields

(14)

Use of (13) in (14) offers a non-trivial equation. Because to « L this remaining equation
describes a second-order effect. As the first-order effect is automatically satisfied by the
static equilibrium equation, the static moment equation is not considered further.

Energy. The relevant material coupled energy is the internal energy e. the kinetic energy
being negligible for quasi-static processes. The flux consists of a mechanical part - v' r
and a thermal part q, equal to the heat flux in the case considered. The balance equation
for the internal energy obtained is

(pe)-+(Vs'us)(pe)+Vs'[(I-osOs)'(pve)-u,(pe»)] = -0- '(q--v+ '1:';-)

- 0 - • (q - - v- , r-). (15)

The bulk of the bodies exchanges heat with the contact layer, but also performs on it work
which is used for deformation in the thickness and shear directions. The latter results in
macroscopic slip between the bodies, for which the work needed will be dissipated almost
completely as frictional heat in the contact layer.

Entropy. A Clausius-Duhem equation for the entropy production s is derived with the
general balance law formulation

(ps) = (ph)- +(Vs ' us)(ph)+ Vs ' [(I-osos)' (vph) -us(ph> )]+0+ . w- +0- . w­
(16)

where h is the entropy and W the entropy flux. The second la\-\! of thermodynamics postulates
(ps) = 0 for all allowable reversible contact processes and (ps) > 0 for all thermo­
dynamically allowable irreversible contact processes. The term thermodynamically
allowable indicates that the processes do not violate other thermodynamic concepts, such
as the balance of internal energy, for example.

4. SIMPLIFYING ASSUMPTIO~S

Assumptions are introduced for some quantities in the equations, as formulated in the
previous section, in order to simplify the balance laws further.

First the flow terms are considered. In contrast to the flux terms in the previous section,
the flow terms in the contact plane cannot simply be neglected. Choosing the surface
coordinates !1 so that (/- 0,0,)' (vp) - u,(p») = 0, the term V, . [(/- 0,0,)' (vp) - us( p»)]
disappears from the balance of mass. The similar terms in the balance of energy and the
balance of entropy vanish with the additional assumption

(1- 0,0,)' (vpe) -us(pe») ::::: (/-DsD')' «vph) -us( ph») ::::: O.

In order to choose the surface coordinates as indicated, the physical quantities
(/-0,0,)' (vp) and (p) have to be known. In the case of mild forming conditions with
only one contact partner undergoing considerable deformations, an approximate choice for
!1 can be made. If the averaging volume mainly contains part of the deforming contact
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partner. arbitrarily chosen to be body B+. (/-DsDs)'(Vp) will be almost
(/-DsDs)' (p)v+. Therefore the choice of!!. equal to f+ follows.

A second assumption concerns the entropy fluxes w+ and w-. These are taken equal
to (q/T)+ respectively (q/T)-, a well-known result from bulk thermodynamics (Muller.
1985).

The remaining contact layer quantities (p). (pe). (ph) and (ps) in the balances of
mass. internal energy and entropy provoke the definition of mass-weighted contact layer
quantities

Ps = (p). es = ps-l(pe). hs = Ps-I(ph), Ss = Ps-l(pS), (17)

i.e. the mass density. internal energy. entropy and entropy production of the contact layer.
respectively. The contact layer free energy Is = es - Tshs is defined with the (non-mass)
weighted contact layer temperature Ts = (T). Then the balances of mass. momentum,
energy and entropy result in

P~+PsVsUs = 0, (18)

(19)

(20)

5. INDEPENDENT VARIABLES AND CONSTITUTIVE EQUATIONS

In this section. we consider constitutive quantities, constitutive relations for these
quantities and the independent variables occurring in these relationships. Constitutive
principles induce restrictions with respect to the initially general constitutive relations
(Hunter. 1976; Muller, 1985).

In continuum thermodynamics the position vector and temperature, as functions of
material coordinates and time, are generally accepted as independent variables in consti­
tutive equations. It is characteristic of the indeper..dent variables that, if they are known as
functions of location and time, all other quantities of interest can be calculated. For the
contact layer it is assumed that the following variables. as being functions of 1] and t. may
be chosen to compose the set of independent variables -

(22)

The contact layer mass density Ps is omitted as an independent variable as it can be expressed
in Xs using the mass balance.

In the remaining thermodynamical balances. a set of quantities is present for which
constitutive equations are needed. These dependent variables are

(23)

where the normal heat fluxes q:. q;; are defined by q: = 0+ 'q+, respectively q;; = 0- 'q-,
and the stress vectors (1+, (1- by (1+ = 0+ •E+, respectively (1- = 0- • E-. The normal heat
fluxes are related to each other by the energy balance, the stress vectors by the action and
reaction law. Therefore a constitutive equation is only needed for (1+ and q:, whereas (l­

and q;; are dictated by the already mentioned balance laws.
The principles of determination, equipresence and local action are applied in order to

arrive at constitutive equations. These result in the statement that each of the variables of
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(23) can be expressed in the history of the deformational quantities F" F+, F-. 0" 0+ and
0-, and the thermal quantities g., g+, g-, T" T+ and T-. The deformation tensors F"
F+ and F- , defined by

(24)

take the non-material in-plane deformation of the contact layer and the material defor­
mation of the bulk surfaces into account. Here I,o, It and Io are the reciprocal vector
bases in some reference state belonging, respectively to the surfaces S, S + and S-. The
deformation vectors 6" 0+ and 0-, defined by

0,=6'0+ (' (v+(!l,t)-v-(!l,.»dt, 0+ =06+ f' (v+(f+,t)-v-G:"',t»d"
J/o Jrn

0- = 00 + (I (v+(f- ,.)-v- (f- ,,» d, (25)
Jo

account for thickness deformations and slip, which may be considered as extreme shear
deformation of the contact layer. The time integrations start at time to assigned to the
reference state and end at the current time t. Finally the temperature gradients g" g+ and
g- are defined by

(26)

History variables, also called hidden variables, are introduced to take the history of the
independent variables into account. Based on the principle ofequipresence, the time deriva­
tives of these variables are given by evolution laws, in which only the current values of the
independent variables and the hidden variables appear. By analogy with the foregoing,
history variables lJs(!l, t) of the contact layer and history variables lJ+(f+, t), .tr(f-, t) of
the surfaces S+ and S-, respectively are introduced.

Summarizing, each constitutive quantity C(2, t) of (23) is assumed to be a function of
the actual values of the independent variables in (22) appropriate to contact layer point !l'
augmented by the actual values of the history variables pertaining to 11 (with which a '+
and f - are always associated, see Section 2), so that - -

The following types ofequations have application as evolution laws for the history variables

aH+1•• -'+ --- • + -lJs = lJ, (F" ... , lJ), lJ = at i+ = 1J (F" ... , lJ ),

(28)

For an analysis ofcontact behaviour in the restricted class, it is unnecessary to consider all
the independent variables in (27) and (28). It is assumed that only independent variables
of the contact layer, together with T+ and T-, are relevant for the constitutive equations
to be constructed. It is also assumed that the coordinate system of the surface of the
irreversible deforming body may be chosen for the layer's coordinate system 2, without
conflicting with Section 4, Thus the eqns (27) and (28), by arbitrarily choosing B+ as the
deforming body, simplify to
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(29)

(30)

Before the implications of the above for the entropy inequality are studied in the next
section, a final constitutive principle will be applied, in this case the principle of objectivity.
It states that constitutive equations should be invariant for observer transformations. Part
of the principle is the assumption that mass density, stress vector, heat flux vector, internal
energy, entropy, temperature and heat sources are objective quantities. The principle can
be elaborated by introducing two different observers with the same notion of time and
distance, e.g. see Muller (1985). Invariant or corotational quantities (Van Wijngaarden,
1988) can be used in order to obey objectivity of the constitutive equations. In Appendix
C, a non-singular second-order tensor A, depending only on kinematic quantities, is intro­
duced to transform objective quantities into invariant ones. The choice for A is also
considered there. It is found convenient to introduce the invariant stress vector 6+ and
deformation vector Ss by means of

"+ PsO A- 1 + ~ •
(1 =- '(1, ~.=AC,(v+-v-), ~s(to)=O.

Ps
(31)

Instead of F" the invariant contact layer right Cauchy-Green tensor Cs =1;'Fs can be
used in the constitutive equations as well as suitable invariant history variables ils and
gs = AC' gs. This results in

(32)

(33)

6. THE ENTROPY INEQUALITY

The implications of the entropy inequality, based on the results of the previous section,
are discussed here. With the invariant quantities, it follows from eqn (21) that

(34)

As usual, it is assumed that decomposition into the inequalities

(35)

(36)

is allowed. The second inequality restricts the possible heat fluxes perpendicular to the
contact layer. Simple constitutive expressions for q: and q; are given by

(37)

(38)

Substitution of (32) and (33) into (35) leads to the restrictions
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(39)

where 0 is the second-order zero tensor and @ an operator determined by the character of
the different constituents of ft,. The result (39) states that Is is independent of the in-plane
deformations of the contact layer and, consequently. that the contact stresses are not
influenced by these deformations. This is felt to be a shortcoming in the presented theory.
Deformations of the surface of the formed body cause changes in roughness. which affect
the stiffness of the contact layer and the frictional behaviour. In-plane contact-layer stresses
(a flux neglected in Section 3) unequal zero are needed to deal with such influences. a ca~e

which is not elabor~ted here. The result (39) for the contact stresses 6+ is valid only if ft,
is independent of 6,. This will be the case in what follows. The history parameters are
further restricted by the remaining inequality of (39).

7. :l.fAXWELL FRICTION l'vIODELS

In this section a special choice of history variables yields a constitutive equation for
the contact stress vector, which resembles the constitutive equation for e1astoplastic material
behaviour. This method was described for bulk-material behaviour by Van Wijngaarden
(1988). The resulting equations are analogous to those given, for instance by Cheng and
Kikuchi (1985) and Baaijens (1987).

The contact layer's free energy is given by

(40)

in which Ht and Hnare scalar history variables. The vector quantity S~r is the irreversible
contact layer deformation vector, a first-order history variable. In (40) it is assumed that
only the reversible part S~ = B, - B~r of Ss is of interest for the free energy. This assumption
is similar to decomposition into the elastic (reversible) and plastic (irreversible) deformation
in bulk mechanics (Lee, 1969: Sidoroff, 1973). Note that, in normal and in-plane (or slip)
direction, reversible and irreversible deformation of the contact layer is possible. EV9lution
laws for $~r, fit and fin as functions of Ss - B~" T" H t and Hn are needed. For B~r, it is
assumed that a potential qJ = qJ(Ss - B:r, T" H(l Hn) or equivalently qJ = qJ(6-. T" Ht , Ho)

exists, so that

(41)

where the invariant tangential or frictional stress vector i, the normal or compressive stress
vector p, the irreversible tangential displacement or slip vector B;r and the irreversible normal
displacement or compression vector B~ are defined by

+ ~. I' .) fir iir _ iir _ iiri = (I-DiDe)' 6+, P= 6 -i, 6~r = ( -nenj • (Is, (In - (Is U,.

Dj=A-I'n+, n.,=Ae·n+.

In an isotropic case (41) can be simplified to

(42)

~r _ ~ OqJ
o - pop'

(43)

with r = II i II and p = II PII. It is assumed that Is is given by
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f, = 1(S~· St . S~ +S~ . S~Sn) + t/J(Ts • Ht • Hn)

1297

(44)

where St and Sn denote a constant stiffness tensor and scalar. respectively. A combination
of (39) and the above equations provides a constitutive Maxwell relationship for the
invariant tangential and normal stress vector

(45)

(46)

If A is a rotation tensor and St = sJ. the above relationships can be formulated as

(47)

(48)

with or = (/-o+o+)'O'+' p = 0'+ -or, ~t = (/-0+0+) '~s and ~n = ~s-~t. Using the mass
balance, PsIPs can be replaced by the surface magnification rate Vs ' v+ while PrillPs can be
identified as the surface magnification factor of the current state compared to the reference
state. The combinations i + A • (.4 - I) • or and p+ A • (.4 - I) •P are objective rates of or and P.
respectively. Identification with such rates in literature (Baaijens et al., 1986) is possible
(Starmans, 1989).

As for constitutive equations for metals, the history variables Ht and H n introduce
hardening (or softening). Irreversible work hardening is considered as an example. In that
case HI is identified as the irreversible frictional work and H n as the irreversible compressive
work

(49)

For their evolution laws, it follows with (41), that

(50)

The inequality in (39) results in

(51)

Ifthe deformation ofthe contact layer in the thickness direction is unimportant or negligible,
the normal part of the deformation vector disappears as an independent variable in the
constitutive equations. The normal stress vector p, whose constitutive equation (46) is then
cancelled, becomes an independent variable instead. Consideration ofthe entropy inequality
results in the conclusion that J. has to be independent of p. The only influence of it on i
then remaining is that via ({), which is not restricted in any way. Hence reversible shear
behaviour cannot be influenced by the normal stress and the observations made on (39) in
Section 6 apply here as well.
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8. CONCLUDING REMARKS

In the foregoing, contact behaviour in a continuum formulation is discussed. Mech­
anical constitutive contact equations consistent with formulated thermodynamic theory
have been derived. Coulomb and Von Mises like friction laws are not rejected, as they are
special cases of these constitutive equations (Baaijens, 1987). If greater restrictions for the
constitutive equations are to be obtained, the different thermodynamic quantities have to
be specified in more detail. For such a specification, which cannot be gone into here, results
obtained from structural modelling of real contacts (e.g. Francis, 1977; Landheer et al.,
1980; Tangena, 1987) can be used. As contact models on a microscopic scale are needed
for such an approach, research results on the microscopic physical behaviour ofcontacting
surfaces are also indispensable if more restrictive statements are to be obtained.

The constitutive equations given are derived from numerous simplifications and
assumptions. Whether such equations can describe real contact behaviour will have to be
evaluated by experiments in which detailed data are obtained for all contact quantities of
importance. For the upsetting test, Starmans (1989) described some methods for deter­
mining the relative displacements in the contact area between tool and test piece, as well as
the contact stresses. It is to be expected that the application of the described constitutive
equations in the upsetting configurations can be evaluated by these methods.
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To derive the balance law (10) for some mass-associated quantity cp, the averaging volume V,. belonging 10

a point~, is followed. The quantity Q, defined for this volume according to (6), is considered.
The change Q- = A.<pcp)- of Q in time originates from three causes, as follows.
(I) Material flow through the border aV. of V•. The decrease in Q per unit of time due to convection is

with n+ and n- the unit outward normal vectors on V. at the S+ and S- surfaces respectively. parallel to n,. and
v the unit outward normal vector on the cylindrical surface of V., perpendicular to n,.. The convection term is
broken down to surface integrals for S+ and S- and the cylindrical surface. The superscripts + and - indicate
bulk continuum quantities at the + and - sides of the averaging volume V•. The continuum quantities at S­
and S- vary with characteristic length L along these surfaces. Therefore the integrals over A, may be written as

The integral over the cylindrical surface of V. can be replaced, using Appendix B, by

(V, •[(/-n,n,)' <vpcp»))A. -II, • (V.' [(/-n,n,)<pCP »))A,.

with n, chosen equal to n+ or n- arbitrarily. Expression (A3) can be reformulated as

(V.' [(/-n,n.)· <vpcp»))A. - (V•• [(/-n,n,)' u.<Pll'»))A. + (V, . u,)A,<Pll').

(A3t

(A-II

(2) Flux through the boundary aV•. With'" indicating the local flux, the decrease in Q resulting from fluxes
is

(ASI

Likewise, the right-hand integrals may be transferred to, respectively,

(A61

(3) Sources within V•. With the distributed mass-associated cp-production CIl as the only source, it holds, for
the increase in Q, that

f. pCll d V = A.<pCll).
v,

(A7)

Combining the above relations results in the general balance law (10), an equation only valid if the conditions (2)
for the dimensions of the averaging volume are satisfied.

APPENDIX B: A SPECIAL SURFACE INTEGRAL

In this Appendix, surface integrals over the cylindrical surface of an elementary averaging volume V. of the
form

(Bl)

are elaborated, with 'I a tensor of first or higher order and" the unit outward normal vector. By separating the
integration over the surface into an integration over the thickness t. of V. and the circumference TeD.. (HI) can
be reformulated as

(B2)

with h a coordinate in the thickness direction and / a coordinate in the circumferential direction. Assumine the
integral off over t. as smooth, so that the divergence theorem on the surface can be applied, it follows that -

f. "'fdA = r V.' [(/-n,n,). rfdhJdA.:IlDe/e JAc J/e

From (2) and the definition of <f) according to (I) we have

(B3)
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(B4)

(B5)

A certain smoothness for the integral of q in the thickness direction was assumed in order to derive (B4). The
result suggests that this is too high a demand, as the right-hand side of (B4) is already properly defined if <q) is
continuously differentiable. According to the considerations of Section 2. this demand for <q'; is guaranteed for
all relevant cases.

It likewise shows for a scalar quantity q that

r vqdA = (~, • [(i-n,nY(1 ]H..
JItD/.;

APPENDIX C: SOME ASPECTS OF OBJECTIVITY

The principle of frame indifference is first briefly discussed. Two observers 0 and 0, each with its own
orthonormal vector base, are considered. The observers are assumed equivalent, i.e. with equal notion of time
and distance. The time difference between 0 and 0 is arbitrarily chosen to equal zero. Quantities observed by
observer 0 are marked with a superscript bar. quantities observed by 0 are not. For example. the position vector
of some point P in space. as observed by O. is indicated with x. and as observed by 0 with x. The components
of some vectorial quantity v with respect to the orthonormal vector base :el.e,.e,: of 0 combine to column !C.
called the columnar representation of v with respect to ie I. e,. c,}. Equivalently. the components of\' with respect
to the orthonormal vector base {el,e" e,} of 0 combine to the columnar representation [. In the same way. some
second-order tensorial quantity T has a matrix representation I with respect to ic l , c,. C ,;. and r a matrix
representation !with respect to {e"e"e,}.

The coordinates! and i ofsome point P in space are related by Eudidian transformations. The transformation
expressing i in ·s reads

W) = Q(t)W)+~(t) (CI)

with Q a time-dependent orthonormal tensor and ii a time-dependent vector. For an arbitrary time I. Qand ii
indicate the rotation and the translation, respectively 01'0 with respect to O. Physical quantities are called objective
if they are related in a defined way. For scalar, vector and second-order tensor quantities the defining relations
are

(C2)

A physical quantity is called invariant if it is observed as being identical by two equivalent observers. A scalar
objective quantity is also invariant. The principle of frame indifference states that constitutive equations should
not change due to observer transformations. This is the case if they cc'ntain only objective or only invariant terms.
Part of the principle is also the assumption that mass density. stress and force vector, heat flux vector. internal
energy, entropy and heat sources are objective. It is noted that the balance laws of Section 4 do not change due
to observer transformations, except for the part n+ •1::+ •v+ - n- •1::- . \'-, which can be formulated as IT+ • (v+ -v-)
using (19) and a+ == n+ '1::+. The stress vector IT+ is objective, the velocity difference is only objective in a restricted
sense. For this velocity difference the observations of 0 and 0 are related by

C -c = qU)(..!+ -;r-)+ Q(t)(C -C)· (C3)

Since t. « L, the first term on the right-hand side is negligible, resulting in an equation satisfying objectivity, but
only for transformations for which (2(1) = 0 objectivity is specifically guaranteed.

An invariant stress vector and contact layer deformation vector are introduced in Section 5 using some
second-order tensor A = A(I/, t). With the foregoing, it shows that second-order tensors A can be used which obey
the relationship ~

J(~, t) = Q(t).j(~, 1), det (.j) '" 0 (C4)

with det (A) the determinant of A. So as not to conflict with the accepted independent variables of Section 5. only
tensors A containing kinematics-of the surfaces S, S + and S- are considered. An example of A. obeying (C4). is
a linear combination of the in-plane deformation tensors F" F+ , F- plus a contribution n,n., accounting for the
rotation of the direction normal to the contact layer, with the subscript 0 referring to the reference state chosen,
so that

(C5)

The coefficients C%,;, oc+, oc- and fJ may be functions of the surface change factors Vill' X,. V~l' X - and V,a' x -. In
the case that only quantities belonging to the surface S+ are considered of importance, the following choices are
legitimate

with R+ such that F+ = R+ . U+ with

(U+ r = U+. R+' (R+)" /-n+n+. det (R- +n+nt) = I.

(C6)

(C7)


